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Abstract 
We prove: if X is a paracompact Hausdorff space, then the space 2x of all nonempty closed 
subsets of X with the Vietoris topology is DieudonnC complete. If f : X -+ Y is an open-closed 
continuous onto map and 2 ~4~) is DieudonnC complete, then the extension p(f) : p(X) + p(Y) 
is open-closed, where p(X) is the DieudonnC completion of X. 0 1998 Elsevier Science B.V. 
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1. Introduction 
By a space we mean a completely regular Tl-space. For a space X, 2x denotes the 
space of all nonempty closed subsets of X with the Vietoris topology. It is to be noted 
that 2x is completely regular if and only if X is normal [6, Theorem 4.91. Panasyuk 
and Sultanov [ll] proved that if X is either a O-dimensional, paracompact space or a 
Lindelijf space, then 2x is DieudonnC complete, i.e., complete with respect to the finest 
uniformity. The LindelBf case was also obtained by Ginsburg in [2], where he proved that 
if X is LindelGf, then 2x is realcompact, and hence, DieudonnC complete. The purpose 
of this paper is to improve their results by proving the following theorem: 
Theorem 1. If X is a paracompact space, then 2x is Dieudonne’ complete. 
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Remark. If cf( c) > wi , then there is a normal, Dieudonne complete space X such that 
2x is not Dieudonne complete, where cf(c) is the cofinality of the cardinality of the 
continuum. In fact, it was proved in [lo] that if cf(c) > wt, then there is an open- 
closed continuous map S from a normal, realcompact space X onto a nonrealcompact 
space Y of cardinality c. Since Y is of nonmeasurable cardinality, Y is not Dieudonne 
complete. Since f is open-closed continuous onto, it follows from [2, Proposition 3.31 
that Y embeds in 2x as a closed subspace. Hence, 2x is not Dieudonne complete. 
For a space X, let p(X) denote the Dieudonne completion of X, i.e., the completion 
of X with respect to the finest uniformity, and U(X) the Hewitt realcompactification of 
X. Every continuous map f : X --f Y has continuous extensions p(f) : p(X) + p(Y) 
and TJ(~) : U(X) + ,u(Y). Next, we prove: 
Theorem 2. Let f : X + Y be an open-closed continuous onto map. 
(a) If 2pcx) is a Dieudonne complete space, then u(f) : ,u(X) -+ u(Y) is an open- 
closed map. 
(b) Zj-2”(x) is a realcompact space, then w(f) : U(X) -+ v(Y) is an open-closed map. 
As a corollary to Theorems 1 and 2, we have the following theorem proved by Ishii [3]. 
Theorem 3 (Ishii). Zf f : X + Y is an open-closed continuous onto map and p(X) is 
paracompact, then p(f) : u(X) -+ p(Y) is an open-closed map. 
Morita [9] asked: if f :X + Y is an open-closed continuous onto map, is p(f) also 
an open-closed map? The example in the above remark shows that the answer is negative 
if cf (c) > WI. It is, however, still open whether there is a counter-example in ZFC. 
2. Proofs of Theorems 1 and 2 
For a subset A of a space X, let 
(A)={FE~~: FcA} and [A]={FE~~: FnAf0). 
The Vietoris topology on 2x is the topology g enerated by taking all sets of the form 
(U) and all sets of the form [VI, for U open in X, as a subbase. Let f be a real-valued, 
bounded, continuous function on a space X. Then, the function f” on 2x defined by 
fS(F) = supzEFf(z) for F E 2 x is continuous [6, Proposition 4.71. The set of the 
form {z E X: f(z) # 0) is called a cozero-set in X. 
Lemma 4. Let U = (17~: (Y < K} be a discrete collection of cozero-sets in a space X, 
where K is an ordinal. Then, there are discrete collections Gn = {Gn,a: Q < n}, n < w, 
of cozero-sets in 2x such that G,,, C [Vu] for each Q < IF. and n < w, and 
n<w a<n 
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Proof. For each cr < K, there is a continuous function fol : X 4 [O, l] such that U, = 
f;‘((O, 11). Let go be the function on X taking constant value 0 and define ga = 
supyca f_, for each Q with 0 < cy < K. Then ga is continuous since U is discrete. For 
each n < w and cy < K, put 
G II,cy = (AZ-1((l/2n, 11) nkIY( [O> w+*)). 
Then G,,, is a cozero-set in 2x. If A E G,,,, then f:(A) > 0, which implies that 
A E [Ua]. Hence, G n,a C [Uoll. Put Gi, = {Gqa: o < 6) for each n < w. To show that 
4, is discrete, let B E 2x. If f:(B) < l/2”+’ for each Q < K, then (gi)-’ ([0, l/2”)) 
is a neighborhood of B which intersects no member of !&, . If fz (B) 3 1 /2n+’ for some 
Q < 6, let 
p = min {CL < 6: f:(B) 3 l/2”+‘) 
and put 
H = (fj)-’ (( 1/2n+2, l]) n (s;)-‘(rOl l/2”)). 
Then H is a neighborhoodof B. If (Y < /3’ and C E H, then (f:)(C) < (g;)(C) < 1/2n, 
which implies that C $ G,,,. If cy > p and C E G,,,, then (f;)(C) 6 (g:)(C) < 
l/2 n+2, which implies that C $ H. It follows that H n G,,, = 0 for each cy # p. Hence, 
6, is discrete. Finally, for each D E [UoI_ U,], let y = min{o < K: D fl U, # 0). If 
we choose n E w with f,(D) > 1/2n, then D E G,,,. Hence, 
u u G,,, = u U, . 0 
n<w a<K [ I CY<K 
Morita proved in [8, Theorem 1.21 that a a-locally finite cover consisting of cozero- 
sets is a normal cover. Conversely, it follows from [ 12, Theorem l] and [7, Theorem 1.21 
that every normal cover has a a-discrete refinement consisting of cozero-sets. Hence, we 
have the following corollary to the preceding lemma: 
Corollary 5. If U is a normal cover of a space X, then {[U]: U E IA} is a normal 
cover c7f 2x. 
Proof of Theorem 1. Essential idea of the proof is due to Panasyuk and Sultanov [ 111. 
Let p be a Cauchy filter on 2x with respect to the finest uniformity. Put 
A = { 3: E X: [U] E p for each neighborhood U of x} ; 
then A is closed. If A = 0, then there is an open cover U of X such that [U] $ p for each 
U E 24. Since X is paracompact, U is a normal cover, and hence, so is {[U]: U E U} 
by Corollary 5. This contradicts the fact that p is a Cauchy filter. Hence, A E 2x. To 
show that p converges to A, let (VT) n [VI] n . . . n [I&], where each Vi is open in X, be 
a basic neighborhood of A in 2x. For each x E X \ A, there is an open neighborhood 
U, of 2 such that [Uz] $ p. Put 
‘H = {(I/o)} u { [Uz]: z E X\A}. 
366 H. Ohta / Topology and its Applications 82 (1998) 363-367 
We show that 3-1 is a normal cover of 2x. Since X is normal and A c Vo, there is 
a continuous function f : X -+ [0, I] such that f(A) = (0) and f(X\Vo) = {I}. Put 
v/2 = f-‘([O, l/2)). s ince X is paracompact, {V, 12}U{ V,: x E X\A} has a a-discrete 
refinement W consisting of cozero-sets in X. Put W’ = {W E W: WnA = 0). Then, by 
Lemma 4, there is a a-discrete collection 6 of cozero-sets in 2x which covers [X\Vi,2] 
and refines {[WI: IV E W’}. Now, {(f”)-‘([0, 1))) U B is a a-discrete refinement of 
‘H consisting of cozero-sets in 2 x. Hence, ‘FI is a normal cover. Since [UZ] $ p for each 
z E X\A, (Vo) E p. By the definition of A, [Vi] E p for each i = 1,. . , n. Hence, 
(vo) n [VI] n.. . n [I&] E p, which means that p converges to A. 0 
Corollary 6. Let X be a paracompact space such that no discrete collection of nonempty 
open sets is of measurable cardinality. Then, 2x is realcompact. 
Proof. By [l, Theorem 15.211, X is realcompact. For each n < w, let 
F,(X) = {F E 2x: IFI < n}. 
Suppose that there is a discrete collection D of nonempty open sets in 2x of measurable 
cardinality. Then, {U E Z? U II F,(X) # 0) is of measurable cardinality for some n, 
because 
u EL(X) 
is dense in 2x. Since F,(X) is a continuous image of X”, it follows that there is a 
discrete closed subset of X” of measurable cardinality. This contradicts realcompactness 
of X”. Hence, no discrete collection of nonempty open sets in 2x is of measurable 







that 2x is realcompact. q 
following facts will be used in the proof of Theorem 2: 
[4, Theorem 4.41 If f : X -+ Y is an open-closed continuous onto map, then 
P(f) : P(X) --) P(Y> IS o P en, where p(X) is the Tech-Stone compactification 
of x. 
[4, 1.21 If f : X -+ Y is a closed continuous onto map, then P(f)-‘(y) = 
clp(x) f-‘(y) for each 9 E Y. 
[5, Lemma in p. 7641 If X is a subspace of a normal space Y, then the map 
e:2X + 2y; A H cly A is continuous. 
[6, Theorem 5.10.21 Let f : X + Y be a continuous onto map. Then, f is open- 
1 closed if and only if the map cp: Y + 2x; y H f- (y) is continuous. 
Proof of Theorem 2. We only prove (a), since (b) can be proved similarly. Since 2pcx) 
is completely regular, p(X) is normal. Hence, the map el : 2x --) 2ficx); A H cl,(~) A 
is continuous by (iii). Similarly, the map e2 : 2pcx) -+ 2ficx); B cf clp(x) B is also 
continuous. By (iv), the map cp : Y + 2x; y ++ f-‘(y) is continuous and, by (i) and (iv), 
the map @:p(Y) + 2flcx); y H P(f)-‘(y) is continuous. Since 2pcx) is Dieudonnt? 
H. Ohta / Topology and its Applications 82 (1998) 363-367 361 
complete, er 0 cp extends to a continuous map cpr : p(Y) + 2”cx). Now, we have the 
following diagram: 
y-P(y) -P(Y) 
Since $lY = ezoer o’p by (ii), $1~ = (ezocpt)ly. Hence, $lp(y) = ezocpl, which means 
that /I?(~)-‘(y) = 1 c p(x) ~7~ (y) for each y E p(Y). Since 91 (y) is closed in p(X), it 
follows that 
pl(yj) = c]~(~) 4~) n P(X) = P(~)-‘(Y) n P(X) = P(~)-‘(Y) 
for each y E p(Y). Hence, p(f) . IS onto, because each (~1 (y) is nonempty, and it follows 
from (iv) that p(f) is open-closed. 0 
We conclude the paper with open problems: 
Problem. 
(1) Does there exist a normal, nonparacompact space X for which 2x is Dieudonne 
complete? 
(2) If every image of a normal space X under an open-closed continuous map is 
Dieudonne complete (respectively realcompact), then is 2x Dieudonne complete 
(respectively realcompact)? 
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